EQUIDISTRIBUTION IN HIGHER CODIMENSION 
FOR HOLOMORPHIC ENDOMORPHISMS OF P*^ 
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Abstract. In this paper, we discuss the equidistribution phenomena for holo- 
morphic endomorphisms over in the case of bidegree (p,p) with 1 < p < fc. 
We prove that if / : — > P'° is a holomorphic endomorphism of degree d > 2 
and denotes the Green (p, p)-current associated with /, then there exists a 
proper invariant analytic subset E for / such that d"*"* (/")* (S) — >■ expo- 
nentially fast in the current sense for every positive closed (p, p)-current S of 
mass 1 such that S is smooth on E. 



1. Introduction 

In 1965, Hans Brolin proved the following theorem about the distribution of 
prcimagGS of points for polynomial maps in one variable in [Tj. 

Theorem 1.1. Let f{z) = z'' + ... be a given polynomial of degree d > 2. Then, 
there exists a subset S" <Z C such that jjf?" < 1 such that if a ^ C \ ro, then 



/i as n — )• (X) 

f"z=a 

where n is a harmonic measure on the filed Julia set of f. The limit is independent 
of the choice of a £ C \ (?. The exceptional set # = unless f is affinely conjugate 
to z ^ z'^ . In this case, the set S = {0} is totally invariant. 

Such convergence towards a unique invariant probability measure or current is 
called equidistribution. In the study of the dynamics of /, ergodic theory plays 
an important role. Here, it is crucial to have dynamically interesting invariant 
probability measures for /. Equidistribution provides a way to construct such 
invariant measures. Also, the invariant probability measure fi for / is useful in 
studying the Julia set of /. 

Theorem 11.11 generalizes to more general cases. Lyubich[20 , and Freire-Lopes- 
Mane[16] independently studied the case of the rational maps of the Riemann sphere 
Pi with K < 2. 

Many authors contributed to the study of the higher dimensional cases. The 
Dirac measure Sz generalizes to positive closed currents. Dinh-Sibonyi9 completed 
the measure case. See also Fornaess-Sibonv[l4] . The case of bidegree (1, 1) has been 
also well developed. The case of P^ was finished by Favre-Jonsson[TT]. In the gen- 
eral higher dimensional cases, see Dinh-SibonyfS], Fornaess-Sibony[K], Guedj[T7], 
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Russakovskii- Shiffman [24] and Sibony[25j. For recent developments, see Parra[23] 
and Taflin[26]. 

However, the intermediate bidegree case, i.e., the case of bidegree {p,p) with 
1 < p < the dimension of the space, does not seem to have been investigated 
beyond the following theorem. 

Theorem 1.2 (See Theorem 5.4.4 in [7]). Let .^(P*^') denote the set of holomorphic 
endomorphisms of degree d> 2 on P*"'. There is a Zariski dense open set J^if^(J?^) in 
J^diV'') such that, iff is in J^J'{F''), then d-P"{f"y{S) converges to TP uniformly 
with respect to S G '^p. In particular, for f in J^fJ" {¥''), T^ is the unique current 
in which is f* -invariant. 

The purpose of this paper is to generalize Theorem 1 1.2 1 by proving the following 
theorem. 

Theorem 1.3. Let / ; P*^ — > P*^ be a holomorphic endomorphism of degree d > 2. 
Let TP denote the Green {p,p)-current associated with f onP''. Then, there is a 
proper invariant analytic subset E for f such that d~P^(f"')*{S) converges to TP 
exponentially fast in the current sense for every positive closed {p,p)-current S of 
mass 1 smooth on E . 

The set E in the theorem is not necessarily empty (cf. Example 111.11 in Sec- 
tion [TT|). In fact, if / is a holomorphic endomorphism in J^*(P'^) in Theorem II. 2 [ 
then E is empty. To be precise, the multiplicity condition in Lemma 5.4.5 [7] im- 
plies that E is empty. Therefore, it is fair to say that Theorem 11.21 amounts to the 
case where E is empty (see Corollary II. 4p . 

The major difficulty of Theorem 11.31 is finding good localizations of the set E 
as in Lemma 17.41 The set E is obtained from the work of Dinh in [3] and roughly 
speaking, E can be understood as a high multiplicity set invariant under /. In 
order to handle this difficulty, we approximate a quasi-potential of the current of 
integration on the hyper-surface V of the critical values of / in terms of multiplicities 
and the distances to V and E in Lemma 13.41 We use Lojasiewicz type inequalities 
for this approximation. There, we adapt the idea used in [5]. Lemma |3 .41 intuitively 
means that if a point is far from a high- multiplicity set, then the effect of the high- 
multiplicity set is negligible. It is reflected in the coefficient 5 of log dist{-, V) in the 
formulation of Lemma 13.41 Note that this difficulty does not appear in Theorem 
11.21 since a global multiplicity condition is assumed in Lemma 5.4.5 in [7]. 

In addition to the major difficulty, we also have two obstacles in the intermedi- 
ate bidegree cases: lack of good potential/pluripotential theory and lack of good 
singularity theory in higher codimensional case, such as the concept of Lelong num- 
bers. The main ingredients in the case of bidegree (1, 1) are pluripotential theory, 
Lelong numbers, and volume estimate in terms of Lelong numbers. However, we 
do not have such theory in the intermediate bidegree cases. In Theorem 11.21 the 
first obstacle was resolved by super-potentials introduced in [7] by Dinh-Sibony. 
However, for the second obstacle, we still do not have a successful theory in the 
intermediate bidegree cases by far. Instead, Dinh-Sibony approximate higher bide- 
gree objects by objects of bidegree (1, 1). We can understand this approximation 
by f*{ijjP) < {f*uj)P, where uj is the standard Fubini-Study form. For these two 
difficulties, we followed the strategy of Theorem ll.2l in [7 : super-potentials and the 
current inequality f*{uiP) < {f^.uj)P. 
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As corollaries, we obtain 

Corollary 1.4. Theorem \1.3\ implies Theorem li.^l In particular, the set E is 
generically empty. 

Corollary 1.5. For any holomorphic endomorphism / : P''' — !■ P*^ and for any 

smooth positive closed {p,p)-form S of mass 1, we have d^P"' (/"■)* (S) — > T^, expo- 
nentially fast in the current sense. 

Remark 1.6. The following conjecture was posed by Dinh-Sibony for the interme- 
diate bidegree cases. 

Conjecture 1.7 (See Conjecture 1.4 in [6^). Let / : P*^ — > P*^ be a holomorphic endo- 
morphism of degree d > 2 and T its Green current. Then c?~^"(/")* converges 
to sTP for every analytic subset H o/P*^ of pure dimension p and of degree s which 
is generic. Here, H is generic if either H ClS ^ $ or codimH ClS = p-\- codimS for 
any irreducible component £ of every totally invariant analytic subset o/P*^. 

Notice that Theorem 11.31 gives a partial answer to Conjecture 11.71 

In Section [21 we find the desired invariant analytic subset E for a given holomor- 
phic endomorphism / : P'' — > P*"'. From Section [3] through Section [51 we summarize 
preliminaries. In Section [6l we prove the main theorem. From Section [7] to Sec- 
tion [TOl we complete the details of the computations. In the last section, we give 
examples where Theorem 11.31 is applicable but Theorem 11.21 is not. 

We close Introduction by introducing some notations that will be often used in 
this paper. The group of automorphisms of P*^ is a complex Lie group of dimension 
P 2k and is denoted by Aut(P'^) ~ PGL(k + 1, C). We wiU work with a fixed 
local holomorphic coordinate chart in a neighborhood of id £ Aut(P'^). Let y 
be holomorphic coordinates of Aut(P'*) and Ty its corresponding automorphism 
in Aut(P'^). Here, y = corresponds to id. We can choose a norm ||y||^ of 
y to be invariant under the involution r — > t^^. By rescaling the coordinates 
y, we can choose the coordinate chart to contain {||y|l^ < 2}. We fix a smooth 
probability measure /i with compact support in {|j?;||^ < 1} such that fj, is radial 
and decreasing as \\y\\j^ increases. In particular, ^ is preserved under the involution 
T — > T~^. Throughout this paper, we denote by u the standard Fubini-Study form 
of P*^. Both notations distps{-, ■) and dist{-, •) denote the distance measured by the 
standard Fubini-Study metric. The norm notation ||-|| means the standard norm 
of a Euclidean space C'" or the mass of a positive/negative current. Their meaning 
becomes clear from the context. When we are considering ||-||<g>Q on P*^, it is with 
respect to a fixed finite atlas of P*^ . 

2. Analytic (Sub-)Multiplicative Cocycles 

In this section, we use the concepts of analytic (sub-)multiplicative cocycle and 
their properties, introduced in [3] by Dinh, to understand two different types of 
multiphcities related to /" as n — >■ oo. For details, see 

Let X be an irreducible compact complex space of dimension k, not necessarily 
smooth. Let f : X X he an open holomorphic map. Note that / is finite. 

Definition 2.1 (See Definition 1.1 in [3.)- A sequence {k„} of functions k„ : X — 
[l,oo) for n > is said to be an analytic sub-multiplicative(resp., multiplicative) 
cocycle (with respect to /), if for all m, n > 0, for all x £ X, 
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(1) Kn is upper-semicontinuous(u.s.c) with respect to the Zariski topology on 
X and minx k„ = 1 , and 

(2) Kri+mix) < Knix) ■ KmiPix)) (resp., =). 

Definition 2.2 (See Introduction in 3 ). K_„(a;) = maxj,gj-»i(-j,) Hn{y)- 

Since {/t_„ > 5} — /" {k„ > (5} from the definition, Remmert's Proper Mapping 
Theorem imphes that {k_„ > i5} is closed with respect to the Zariski topology on 
X and therefore, k_„ is upper-semicontinuous in the Zariski sense. 

The key theorem of this section is the following: 

Theorem 2.3 (See Theorem 1.2 in The sequence {(K-n)^^"} converges to a 
function k_ defined over X with the following properties: for all 5 > 1, {k_ > (5} 
is a proper analytic subset of X , invariant under f and contained in the orbit of 
{k„ > (5"} for all n > 0. In particular, k_ is upper-semicontinuous in the Zariski 
sense. 

Remark 2.4 (See Introduction in [3j). The condition minK„ = 1 in Definition 12.11 
can be replaced by k„ > c" for some constant c > 0. 

We apply Theorem 12.31 to our case. We are given a holomorphic endomorphism 
J . pfe ^ pfe q£ degree d > 2. It is a proper mapping. For each n £ N, define 
Kn{x) to be the local multiplicity of /" at x e P*^, that is, the number of the 
preimages near a; of ^ under /" for a generic ^ close to f'^{x). Then, we have 
i^m+n{x) — Km{x) ■ K„(/™(a;)), min K„ — 1, and k„ is u.s.c with respect to the 
Zariski topology for all m, n G N. Thus, {Kn} is an analytic multiplicative cocycle. 
In the rest of this section, we denote by v{x,R) the Lelong number of a positive 
closed (1, l)-current R at x. 

We consider the following two types of multiplicities related to /": 

(1) the function k_„ and 

(2) the multiplicity of the hyper-surface of the critical values of /" at a point. 

2.1. The function By Theorem l2.31 we can find k_ over P*^ for the sequence 
{k„}. It is not difficult to see that minK_ = 1 and \ < < d. 

Define E\ :— |k_ > f } where 1 < A < d. Then, E\ is an analytic subset and 
is invariant under /. Note that E\ is an invariant analytic subset for /. There is a 
sufficiently large number tt-a € N and some 1 < (5a < ^ such that K^n^ < '^a^ over 
P''\£;a (for details, see the proof of Theorem 1.2 in P). Since /-HP'=\Sa) C ¥^\Ex, 
we have that for all m e N, n—nxm < <5^'^™ over P'' \ i?A- Hence, we have 

Lemma 2.5. Assume that A is arbitrarily given such that 1 < \ < d. Then, for 
any point y G P'^ \ Ex, K-n.miv) < '^r" < (l)"^" for all to G N. 

2.2. The multiplicity of the hyper-surface of the critical values of /" at 

a point. Let denote the hyper-surface of the critical points of /" and ^„ the 
hyper-surface of the critical values of /". By Thie's theorem in [27], the multi- 
plicity of ^'n at p € P'^', which we are interested in, is written as i^{p, [4'„]) — 

We first consider maxqg$^n/-"(p) '^('Zi ['^'n]) ior p £ P'' for a given n. We 
will modify the argument in Section 3 of |11] by Favre-Jonsson. Since the Ja- 
cobian is not globally defined over P'^, we fix local charts U 3 q and V 9 f{q), 
and denote the Jacobian determinant oi f : U V for each q £ P''. Then, 
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^{q, dd!^ log I J/" I) is independent of the choice of U and V and is > Let 
S,{x,g) := v{x,dd'^\og\g\) for x G P*"' and g a holomorphic function over P*^. Then, 
^(p, Jfm+n) = ^(p, Jfn)+£,{p, Jfrriof^) {qy sjiy 171, Ti. Usiug thc fohowing proposition 
due to Favre, we can modify ^ to be an analytic cocycle. 

Proposition 2.6 (See Remark 3 in |10j). For any p G P*"' and any m,n > 0, the 

following inequality 

ap, Jf- o n < (2fc - 1 + 2^(p, J/.)) • ?(r(p), j/..) 

holds. 

We define t„(a;) := 2fc - 1 + 2^(x, J/-) for x e P''. Then, we have 

L^+n{x) - 2fc-l + 2e(p,J/™+,0 -2fc-l + 2(e(p,J/.)+C(p,J/™o/")) 

< 2fc - 1 + 2(^(p, Jf.) + (2fc - 1 + 2^(p, J/„)) • ar{p), Jf-)) 

< (2fc - 1 + 2e(p, J/.)) • (2ft - 1 + 2e(r(p), J/™)) 

= Ln{x) ■ Lm{.r{x)). 

Observe that min^gp/t t„(a;) = 2fc + 1 for every n G N. Also, note that t„'s are 
u.s.c with respect to the Zariski topology since ^ is so. Thus, {in} is an analytic 
submultiplicative cocycle. By Theorem 12.31 "^6 can find t_ over P'^ corresponding 
to our {in}. It is not hard to see that 2fc + 1 < tn < k{d" — 1). So, I < < d and 
min^gpfc i_(.T) = 1. 

Define := |t_ > ^| where 1 < fi < d. Then, E'^ is an analytic subset and is 
invariant under /. There is a sufficiently large number n'^ and some 1 < S'^ < 
such that t_„^ < ((5^)"*' over P'^ \ E'^ (for details, see the proof of Theorem 1.2 in 
[3]). Since f-\P \ E'^) C P'' \ E'^, we have that for ah m G N, i_„;^,„ < {6'^T> 
over P'' \ Then, for any g G P*^ such that r>'{q) G \ , 

[*«;.™]) ^ K9,drf^log J^,.,,„ ) = i[(<5;)<" - 2fc + 1] < (<5;)">. 



In particular, for each p G vE'n \ -E^, we have 
(2.1) max , [^n'^m]) < {5'^T> < (- 

Remark 2.7. The set := |i_ > ^| for 1 < /i < o? is a proper analytic subset of 

P'^. Otherwise, E'^ = and then, this is a contradiction to min^-gpfc i„{x) = 2fc + 1 

for every n G N since we have that for all m G N, t_„^,„ > {S'^^)"'^"^ over the entire 
pfc^ 

Thus, we have the following: 

Lemma 2.8. Assume that A and /i are arbitrarily given such that 1 < A, /i < rf. 
Let Ex, n\ and E'^, n'^ be defined as above in the discussion. Let E Ex U E'^ 
and Ne '.= nxn'^. Then, for any positive integer j G N, we have the following: 

(1) k^jnAv) < iiY^'' for every yeV''\E and 

(2) the multiplicity of the hyper-. surf ace of the critical values of /" at every 
ye'^nXE IS < c^jNe [y-j 
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where cj. denotes the number of the irreducible components in the hyper- surface of 
the critical values of f . 

Proof. Lemma 12.51 implies the first assertion. We prove the second assertion. We 
induce an upper bound of [^'jATe]) for p € P'^ \ from InequaHty 12.11 For 
notational convenience, in the rest of the proof, we denote JNe by n. 

Let denote the irreducible hyper-surfaces in Let I'&Ji,/! denote the 

irreducible hyper-surfaces in for each i. Then, for each i and I, we have 

that (/")* /) = '^n, and that /" induces a ramified covering of $^ ; over ^Jj. 
Let TO^ ; denote the covering number for <i>^ j. Then, we have 

For this computation, for example, see Example 3.9.2 in [2]. 

We first consider an irreducible hyper-surface 5**^ and an irreducible hyper- 
surface <i>^ I . Since E\ C E and n is an integral multiple of n\ , by Lemma 12. 5[ we 

have that K^n{y) for y ^ \ E is uniformly bounded by (-f)"- By Theorem 3.9.12 
in [2], we have that for p e \ i?, 

,n/-"(p) ^ 

where the point q in the summation is repeated according to its multiplicity in the 
covering $^ j — 7> ^fj^. Since the total number of the pre- images of a point for a cover- 
ing map counted with multiplicity equals the covering number, X^ge** nf-"{p) ^ ^ 
TO^ ; . Then, we have 



, \ nk 

a 



< "^nAl] ™ax i^{q,[¥^i]). 

\XJ <je*;._,n/-"(p) 

Since n is an integral multiple of n^, we combine the inequality just above together 
with Inequality HT] to have that for any p £ \ E, 

dV'' , .... /d^+i 



v{p. < T . max _ < 



Observe that this inequality is independent of the choice of ; . 

For the general case, we find an upper bound of the number of irreducible hyper- 
surfaces in in terms of n. Let denote the number of irreducible hyper- 
surfaces in the hyper-surface of the critical values of /. The critical set of /" is 
the zero set of the determinant | J/n | of the Jacobian J/n . By chain rule, we have 
= U^roV"*(*i)- Therefore, = ur=i/H*i) - yStZ^f'{^i)- Since the image 
of an irreducible hyper-surface under is again an irreducible hyper-surface, the 
number of irreducible hyper-surfaces in ^„ is bounded above by c^n. 
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Hence, since we have i'{p, [5'^]) < (^i^ j for each hreducible hyper-surface 5'^ 
in as shown in the above, in the general case, we have 

on \ □ 

3. LojASiEwicz Type Inequality 

In this section, we first recall two Lojasiewicz type inequalities: Proposition 13. II 
and Proposition 13.21 Lemma 13.41 is about an approximation of a quasi-potential 
if of the current of integration over a hypersurface V in terms of distances and 
multiplicities of V. We prove Lemma 13.41 using Lojasiewicz inequalities. 

Let Ar denote the ball of center and of radius r in C'^ and tt the canonical 
projection from C*^ x C''' onto its first factor. 

Proposition 3.1 (See [6], [iSj-)- analytic subset of Ai x Ai of pure 

dimension k and s a fixed integer. Assume that tt : X — > Ai defines a ramified 
covering of degree m < s over Ai. Then there is a constant ci > such that if x,y 
are two points in A3/4 we can write 

T:-\x)nX ^ {x\...,x"'} and Tr'^y) n X =: {y\ ..^y""} 

with ||a;* — < Ci — y||"'^^"\ Moreover, the constant ci depends on s but not 
on X. Note that the points in the fibers tt^^{x) f] X and iT^^{y) Ci X are repeated 
according to their multiplicities. 

Proposition 3.2 (See Proposition 4.2 in [6].). Let X be an analytic subset of 
Ai X Ai of pure dimension k and let S be an integer. Assume tt : X — >■ Ai defines 
a ramified covering of degree m over Ai. Let Z C Ai be a proper analytic set such 
that the multiplicity of every point in Tr~^{x) (1 X is at most equal to S < m for 
X G Ai \ Z . Then there are constants Ci > 0, N2 > 1 such that for any < t < 1 
and all x, y G A1/2 with dist(x, Z) > t and dist(y, Z) > t, we can write 

T:-\x)r\X^{x\...,x"'] and ^-^(y) H y = {y^, y™} 
with llx' — y'll < C2<^^^ \\x — yll"'"^''. 



Before Lemma l3.4i we clarify the definition of multiplicity for an analytic hyper- 
surface. 

Definition 3.3. The multiplicity of a subvariety V of dimension / in P*^ at a point 
P, denoted multip{V), is taken to be the number of sheets in the projection, in a 
small coordinate polydisc in C'^ C P'' around P, of V onto a generic ^-dimensional 
polydisc. 

The details about the projection can be found in [T^ . 

Let V be an analytic hypersurface in P'^ of degree dy- Let < (5 < be given. 
Let E be an analytic subset of V such that for all Z G y \ P, multiz(V) < S. We 
denote by [V] the current of integration over V of mass dy- Then, we can find a 
unique negative quasi-plurisubharmonic function ip over P*^ such that suppk (p = 
and dd'^ip = \y] — dyw. 
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Lemma 3.4. Let Q < 6 < dv he given. Then, there are constants C, A > such 
that 

(3.1) 5\ogdist{-,V)+C\ogdist{-,E)~ A< Lp < log dist{-, V) + A. 
We use the proofs of Proposition 4.2 in [9 and Lemma 2.2.5 in [7]. 



Proof. First, we consider the left-sided inequahty of Inequahty 13.11 Since V is 
compact and (p is smooth outside V, this problem is of local nature and it suffices 
to prove Inequality 13. ll in a neighborhood Ux of x ^ V. 

Consider a point x Cz V and denote m — multix(V). At the end of the proof, 
we will find a desired neighborhood Ux of x where Inequality 13.11 is true. Then, 
as in Definition 13.31 we can find a small polydisc A C C'^' of complex dimension k 
centered at x, A' of complex dimension k—1 and a projection map tt : A H — >■ A' 
defining a m-sheeted ramified covering over A'. 

Fix a local coordinate chart (zi, Zk) for A such that 7r(zi, Zk) = [zi, Zk-i). 
For convenience, we write (zi, Zk) = {z' , Zk). 

For each z' £ A', we can find m points {z^, • • • , z™} such that n{z^) = z' where 
z^'s are repeated according to their multiplicities. Let z^ denote the fc-th coordinate 
of z-'. Consider the polynomial H{z) defined by 

H{z) (zfe-zi)...(zfe-zn. 

Then, H{z) is a Weierstrass polynomial whose zero set is V. This is a holomorphic 
function on A. Shrink A and A' correspondingly with the ramified covering struc- 
ture preserved, if necessary. Then, since ip{z) — log (z)| is a smooth function in a 
neighborhood of A, it suffices to prove Inequality [O] for log |i?(z)|. In other words, 
it is enough to show that in a small neighborhood Ux ^ oi x £ V , 

(3.2) S\ogdisti-,V) + Cxlogdisti-,E) - Ax <\og\Hi-)\ 

for some constants Cx,Ax > 0. 

For this inequality, we claim that for any z £ Ux, the ball centered at z and 
of radius ^j3{^dist{z, E))^'-^^ contains at most S locally irreducible components of 
V for some 73 > and A^3 > both of which are independent of z. Our claim 
works as follows. From the definition, we know that |ff(z)| can be bounded below 
by product of the distances to each irreducible component of in A. Suppose that 
5 < m. Since can contain only 5 irreducible components of V, we have 

rn — S 



dist{-,vy 

and then. 



1 /I 



73 -dlsti;E) 



< \H{-)\ 



S log dzsti-, V) + (m- 6) log i^-fsUdisti^E)] ) <log|iJ(. 



N3S\ 



So, we can exphcitly find Cx — {m — 6)6N3 and Ax — — (m — 6) log (^573 (5) 
for Ux- If (5 > TO, then we can apply the same argument and conclude that Cx — 
and Ax = 0. 

Note that by the previous arguments it suffices to prove Ineaualitv l3.2l for x £ E 
in order to prove our claim . 
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We prove our claim. Express H{z) as 

Hiz) = z^" + afe_i(z>^"i + ---+ao{z'), 

where ai{z') are holoniorphic functions of z' over A' for I — 0, fc — 1. Define an 
analytic subset F C A' x A™ by (z', z^, z"') e F if and only if the symmetric 
functions of {z^} are coefficients of i?(z), that is, '^z'l — —ak-i{z'), J2i<j ^1^1 — 
afe_2(z'), n^fc = (— l)™flo(-2')- Indeed, the graph F is the set of the tuples of 
z' e A' and all z values in A such that 7r(z) — z' where z is repeated according to 
its multiplicity. 

Define tt™ : A' x A™ A' by 7r™(z', z\ z™) = z' where z' e A' and z' e A 
for each i = f,...,m. For 1 < _p < n, define tt™ : A' x A™ ^ A' x A^ by 
7r™(z', z^, z™) — (z'j z^, z^). It is not difficult to see that Rcmmert's Proper 
Mapping Theorem implies that the image tt™ (F) C A' x A^ of F under tt™ is an 
analytic subset. We denote Fp := 7r™(F). Take p = 5 + 1 in the following. 

Next, we introduce a function roughly measuring the shrinking speed of distances 
among the closest (5+1 different irreducible components of V in A as we approach E. 
It is a modification of Lemma 4.3. in 0. We define a projection ttq^^ : F5+1 — > A' 
by7ro^+i(z',zi,...,z^+i) 



z . 

For each z = (z', z„) e A n T^, we define 
hiz) — min > 

l<lp,l,<d + l 

5 + l/^:>^ ' 



where P — (z', z-'^, z''+^) is a point on F5+1, and z*? and z*' are the Zp-th and 
iq-th coordinates of P, respectively. 

Lemma 3.5. There exist > 1 and ^3 > such that for z e ^A, 

h{z) > A^^dist{z,E)'^'^-- 

Proof. Let Xi be the set of points (z, z', z-^) in Ax A' x {C''Y^+^^\ where 7r(z) = z', 
z^ = z and z^ are defined by z*p — z*« where z* is the i-th coordinate of a point 
P on the graph Ts+i such that 7r(z*) = z' and 1 < p,q < 6 + 1. Since F5+1 
is analytic, Xi is analytic. Xi can be seen as a ramified covering over A'. Let 
A X A' X {0} c A X A' X {C''Y^+^'>\ 
A Lojasiewicz inequality (for example, see p. 14, p. 62 in ^V) proves that for 
z G iA and for sufficiently large A3, M3, 

dist{P,X2) > A^^dist{P, XinX2)'^'\ 
for all P e Xi. Thus, for z e iA, 

/i(z) > dist{P,X2) > A^^dist{z,EY'\ 

In the above, for the first inequality, the Fubini-Study metric and Euclidean metric 
are locally equivalent and for the second inequality, the multiplicity oiV is < 5 + 1 
outside E. □ 

We continue the proof of our claim. Define A^3 := M^m with A/3 in the previous 
lemma. Fix a sufficiently small 73 > 0. 

Consider z G V such that ||z|| < in the coordinate system of A where r is the 
smallest polyradius of A. Take t = l/2dist{z, E). Let B' be the ball of center z' and 
of radius 73^^^"^. For sufficiently small 73 > 0, every open neighborhood of the form 
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B' X B^,((8m + 2)0373/''" t^^''/™) sits inside A, where B^J(8m + 2)c3jl^"'t'^''^/"') 
denotes the baU in C of center Zk and of radius (8771 + 2)0373^'"^^^''/'" and therefore, 
we can use the coordinate system of A for such poly discs. Hence, the following 
argument is valid. 

We will show that the connected component of V r\TT^^{B') containing z defines 
a ramified covering of degree < 6 over B' . 

As in Lemma 4.3 of [S], there is an integer 2 < I < 8m such that if z = (z', Zk) E 
7r-i(z') n V, we have either ||z-z|| < (/ - 2)03^1^"" t'^^^/"' or ||z - z|| > {I + 
2)c373/'"t^^^/", where C3 is the constant in the inequality in Proposition 13.11 

Let B" denote the ball of center Zk and of radius /c373/™t^^''/™ in C and dB" 
its boundary. Note that over the fiber n-'^iz'), dist{n-'^{z') nV,B' x dB'') < 

^373^"'^^^*/™- ProDOsition l3 . 1 1 gives us dist{y,'rr~^{z')nV) < C3 \\y ~ z\\^^™, where 
y E TT^^{y') n V. Hence, V n {B' x dB") = and therefore, tt is proper on 
VCiiB' X B") over B' . 

We want to show that the degree of the covering is < (5. If not, h{z) is of order 
^i/™^7V3<5/m ^ Ag"^^--'/™ = A^^t^'^ because 73 is small. Note that z obviously sits 
inside ^A from our choice of z such that |jz|j < \r and therefore, Lemma [3?5] is valid. 
This is a contradiction because Lemma [3.51 states that h{z) > A'^^dist{z, E)^^'^ > 

So, the box B' x B" contains at most 5 locally irreducible components. The 
ball of radius 73t^^'' — min |c373''™i^^''/'", 73t^^''| for sufficiently small 73 and of 
center z E V can intersect at most 5 irreducible components and the distances to 
other irreducible components from z are > jt^^^ . 

Take the neighborhood Ux oi x E E to be the polydisc of uniform polyradius 
jr centered at x E E. This is the desired open neighborhood of x. Indeed, for an 
arbitrary point z E Ux, the ball B'^ centered at z and of radius ^j3{^dist{z, E))^''^ 
can contain at most 6 irreducible components of V. Hence, our claim is proved. 

The right-sided inequality of Inequality 13.11 is obtained from the same method 
as in the proof of Lemma 2.2.5 in ^7,. It is simply from the compactness of V. So, 
we are done. □ 



4. Currents 

In this paper, we assume some familiarity of the reader to currents. For details, 
for example, see (especially. Chapter HI), Appendix of [8], [12], [19], [22] and 
[25j . Especially, for the topology on the space of currents, see [1^ and [22]. For 
the convenience of the reader, we summarize some concepts, their properties and 
important remarks. 

For positive (p, p)-currents on P'^, the mass of S is equivalent to 

\\S\\ := {S,ij''-P) = / SAiv'^-P. 

In the same way, for negative (p,p)-currents, the mass of S' is equivalent to ||S"|| := 
{— S' , uj''~P) . In the rest of this paper, we denote by the set of positive closed 
(p,p)-currents of mass 1. 

We recall some properties of 'rfp. The space 'rfp is a Polish space. It is compact 
in the current sense. Moreover, the weak topology on 'r^p is metrizable (see [7]). 
Indeed, the following dual Lipschitz-type metric metrizes the weak topology on 
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A precise formulation is as follows. For a > 0, let [a] denote the largest integer 
< a. Let "^^g" be the space of {q, q)-iorms whose coefficients admit derivatives of all 
orders < [a] and these derivatives are {a — [Q;])-H61der continuous. We use here the 
sum of '^c<-norms of the coefficients for a fixed atlas. If R and R' are currents in 
■^p, we define 

dista{R,R') sup 
where <I> is a smooth {k — p,k — p)-form on P*"'. 

Proposition 4.1 (See in [7]). Then, the topology induced by the distance dist^ 
with any a > is equivalent to the weak topology on '^p (see [7 j. 

Another property of to recall is that the smooth forms are dense in "^p. We 
regularize R G '^p using the automorphisms of P*^ in the following way (see 
Consider an endomorphism kg of < 1} defined by he{y) :— 9y ior 9 G C 

and 1^1 < 1, where < 1} is the coordinate chart of Aut(P'^) introduced in 

Introduction. Define := {hg)^{ij). Then, is the Dirac mass at id G Aut(P'^) 
and fj,g is a smooth probability measure ii 9 ^ 0. 

Definition 4.2. For any positive or negative (p,p)-current R on P'^, we define the 
6-regularization Rg of R by 

Rg := / {Ty)^Rdfig{y) = / {Tgy)^Rd^{y) = / {rgy)* Rdfi{y) , 

JAutCPk) JAut(P'') JAut(pi') 

where Ty is the automorphism in Aut(P'') whose coordinate is y. 

Note that the last equality is from the fact that /i is a radial measure and the 
involution t — >■ preserves the norm of y. Observe that if R is positive and 
closed, then so is Rg and if |^^| = \9'\, then Rg = Rgi . The mass of Rg does 
not depend on 9 (see Lemma 2.4.1 in [7 ). The 0-regularization has the following 
estimate property: 

Proposition 4.3 (See Proposition 2.1.6 in [7 ). If 9 ^ 0, then Rg is a smooth form 
which depends continuously on R. Moreover, for every a > 0, there is a constant 
Ca independent of R such that 

\\Re\\^.<c^\\R\\\9\-'''-''-". 

If K is a compact subset in A \ {0}, then there is a constant Ca^K > such that for 
9,9' gK, 

\\Rg-Rg'\\^.. <c^,k\\R\\ \0-9'\. 

The following lemma provides the regularity of the 0-regularization of R in terms 
of R e when R is smooth. 

Lemma 4.4 (See Lemma 2.1.8 in [7]). Let K be a compact subset of Aut{P^) . Let 
W and Wo be open sets in such that Wq C t{W) for every r G K . If R is of 
class on W with a > 0, then t^{R) is of class on Wq. Moreover, there is a 
constant c > such that for all t, t' G K , 

||r*(i?)||^„(;y^) < c ||-R||<g>a(^^) 

and 

\\MR)~TUR)\\^^^^^)<c\\R\\^^^^)d^st{T,TT^-^'='''\ 
where the distance dist{-, •) is with respect to a fixed smooth metric on Aut(P'^). 
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Next, we discuss the pullback and push- forward of currents on P*^ by a holomor- 
phic endomorphism / : P'^ — )• P*"'. Since / is proper, the push- forward of currents 
is well-defined. On the contrary, in general, the pullback of currents is not well 
defined; it is defined when / is a submersion on the support of a current. However, 
Dinh-Sibony proved in [5] that the pullback /* can be well-defined if we restrict our 
domain space of currents to positive closed currents. It is not difficult to see that 
the mass of f*{S) is d^, where d is the degree of the map / : P*"' — > P'^. In 

[3 , they approached to the definition of the pull-back operator /* in a different way 
using super-potentials, but the conclusion is essentially same. Hence, the pull-back 
and push-forward by / on the space of positive closed currents are well-defined. 
In particular, ^/* : "^p — is well-defined. We say that a (p,p)-current S is 
invariant if -^f*{S) — S. 

Now, we consider the Green (p, p)-current on P'^. It is a special positive 
closed (p,p)-current of mass 1 associated with our map /. This is an analogue of 
the Green current T of bidegree (1, 1). For the details of the Green current T, see 
[25]. 

The following is one way to construct T^. For any holomorphic endomorphism 
/ : P'^ — >■ P'^, it is known that the sequence {d~" {/")* (lu)} weakly converges to a 
positive closed (1, l)-current T of mass 1. We call this current T the Green (1, 1)- 
current associated with /. Since T is positive, closed and of bidegree (1,1), 
is well-defined for any 1 < p < k. The Green (p,p)-current is the p-times self- 
intersection TP of T. Obviously, TP is invariant under /, that is, f*{TP) = dPTP. 

Another way to construct TP is using super-potential in [7]. See Theorem 5.3.9 
in [7]. The results of the two constructions coincide. 

We list some properties of the Green current T (see |25j). The Green current T 
is positive and closed of mass 1. The current T does not charge any mass on any 
hypersurfaces. The quasi-potentials of T are Holder continuous (for example, see 
Theorem 1.7.1 in [2S]). The support of T is the same as the Julia set of /. The 
Green current T is extremal in the convex compact set of invariant positive closed 
(1, l)-currents of mass 1. Moreover, equidistribution is well-studied as discussed in 
Introduction. 

Compared to the Green current T, the Green (p,p)-current TP has the following 
properties: it is positive and closed; it is invariant under / and it is the extreme 
point in the convex set of invariant positive closed (p,p)-current for /. It is most 
diffuse among the invariant currents for /. The super-potential of TP is Holder 
continuous. We are also expecting the equidistribution phenomena. However, as 
mentioned in Introduction, equidistribution in higher codimensional cases is not as 
well-known as in one codimensional case. By Theorem 5.3.9 in [7], equidistribution 
for smooth forms in "^lop is proved. In singular cases, not much is known except 
Theorem 11.21 (or see Theorem 5.4.4 in [7]). 

We close this section by reviewing some class of functions which generalizes the 
pluri-subharmonic functions. 

Definition 4.5 (See [1] and p. 12 in fT). An integrable function ip on P*"' is said 
to be DSH if it is equal outside a pluri-polar set to a difference of two quasi-psh 
functions. 

We identify two DSH functions if they coincide outside a pluripolar set. The set 
of DSH functions is a vector space over R. The space of DSH functions is endowed 
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with the foUowing norm; 

ll'/^llzJSH ■= llv'llj^fi + inf { ||r+|| : dcfip = r+ - T~ are positive and closed. } . 
The currents r+ and are cohomologous and have the same mass. 

5. Super-potentials 

In this section, we briefly introduce the main tool, super-potentials, developed 
by Dinh-Sibony in \j[ to prove Theorem 11.31 For details, see [7]. 

We first consider the case of bidegree (1,1)- For any positive closed (1, l)-current 
Si of mass 1 on P'^, a quasi-potential is defined as a solution Ui to the equation 
ddPUi = Si — uj, where lo is the standard Fubini-Study form. In this case, if 
we allow — oo, U is a well-defined quasi-plurisubharmonic function with its values 
in M U {— cx)} and is unique up to a constant. Hence, after normalization, the 
quasi-potential Ui of Si can be uniquely determined. The relationship between a 
positive closed current and its quasi-potential is very useful in the case of positive 
closed (1, l)-currents; quasi-potentials can be used to define the pull-back of positive 
closed (1, l)-currents and also, to define the wedge-product of positive closed (1, 1)- 
currents (for example, see [25]). Moreover, the convergence of a sequence of positive 
closed (1, l)-currents in the current sense can be converted into the convergence of 
quasi-plurisubharmonic functions in local ^^-sense. 

On the other hand, in the case of bidegree {p,p) with 1 < p < k, for any positive 
closed (p, p)-current S of mass 1 on P*^, we also have a quasi-potential of S, but 
the behavior of U is not as good as that of a quasi-potential in the case of (1,1)- 
currents. We have a solution U to the equation dd'^U = S — ojP, but U is not well 
defined as a function. Indeed, if [/ is a quasi-potential of S, then U + V is also a 
quasi-potential of S for any rfd'^-closed current V. In this sense, a quasi-potential 
U can be very singular. Even after normalization by {U,uj''~^~^^) = 0, we still do 
not have a well-defined function; quasi-potentials of S can still differ by dd'^-exact 
currents. 

However, after normalization, the affect of dd'^-exact currents can be resolved 
by thinking of a quasi-potential U as an action on closed forms or currents of the 
complementary bidegree, if the action can be well-defined. Recall that if the dd"^- 
exact currents act on closed forms of complementary bidegree, they always produce 
0. So, the action of quasi-potentials becomes unique. The formal definition cannot 
be understood in this way but the idea of super-potentials seems to work in this 
way. The following is recapitulated from Introduction in [7]. It explains how we 
can understand a quasi-potential as an action on the space of probability measures 
in the case of (1, l)-currents. This formulation generalizes to the formal definition 
of super-potentials. 

Recall the equation dd'^Ui — Si — uj for a (1, l)-current Si € ^i. Assume that 
we choose Ui satisfying {Ui,uj'') = 0. Let 6x denote the Dirac mass at x and i/ 
a {k — l,k — l)-current such that (i'tUj) = and dd'^i' = Sx — oj^ , which is not 
necessarily uniquely determined. Then, we have 

Ui{x) = {Ui,5x) = (C/i, 4 - w'') = {Ui,dd'v) = {dd'Ui,iy) = (5 - c^, z/) = (5, i^). 

We can extend the action of Ui to the convex set of probability measures '^k- 
Dinh-Sibony introduced the concept of super-potentials in this spirit in . 
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Definition 5.1 (See Section 3 in 7 ). Assume that is a smooth form in 'lo-p. Let 
TO be a fixed real number. Then the super-potential of S of mean m is a function 
on ^fe_p4.i defined by 

where i? is an element in "^fe-p+i and \Jr is a quasi-potential of mean to of R. 
In general, for 5 G '^s(i?) is defined by 

^s{R) lim^s.(i?) 

where the subscript means the 0-regularization of S . 

Note that if R is smooth, then one can prove that ^s(^) — {Us, R) where Us is 
the quasi-potential of S of mean to (see [3). Roughly speaking, the prescribed mean 
m normalizes quasi-potentials of S and the domain space being closed removes the 
ambiguity caused by the dd'^-exact currents. 

The definition of super-potentials does not depend on the choice of a quasi- 
potential Ur nor Us if their means equal to. By choosing a canonical type of quasi- 
potential, we can gain good regularity properties for super-potentials in terms of 
the current S. Dinh-Sibony introduced the Green quasi-potential. 

Theorem 5.2 (See Theorem 2.3.1). Let R be a current in "^p. Then, there is a 
negative quasi-potential U of R, depending linearly on R, such that for every r and 
s with 1 < r < '^'^'^ 1 < s < 2k-i ' '^^^ ^'^^ 

\\U\\^r < Cr and \\dU\\c^s < 

for some positive constants c^ and Cs independent of R. Moreover, U depends 
continuously on R with respect to topology on U and the weak topology on R. 

Remark 5.3. We call U the Green quasi-potential of R. From ||C/|j_5fr < Cr in 
Theorem l5.2[ we know that the mean to of C/ is bounded by a constant independent 
of R. Since U is negative, the mass of U is also bounded uniformly with respect to 
R. U ~ mujP~^ is a quasi-potential of mean of R. 

The following lemma and proposition precede the proof about the existence of 
the Green quasi-potential. They are very useful in estimating super-potentials. For 
the convenience of the reader, we write them here. 

Lemma 5.4 (See Lemma 2.3.3 in [7]). There is a negative DSH function rj on X 
smooth outside D such that rj — \ogdist{-, D) is bounded. 

Proposition 5.5 (See Proposition 2.3.2 in [7]). Consider X := P*-' x P*-' and D 
the diagonal X. Let r2(z,^) :— X]j=o '^(■^)"' ^ ^{0^~'' r where (z,^) denotes the 
homogeneous coordinates of x P*"' with z = [zo : ... : Zk] and £, ~ '■ ■■■ ■ 
Then, there is a negative (fc — — l)-form K on X smooth outside D such that 
dd'^K = [D] — which satisfies the following inequalities near D: 

< ~dist{-,D)^-^P\ogdist{;D) and ||Vi^(-)IU < dist{-, D^-^p . 

Note that |1 Vi4r(-)||g^ is the sum J2j l^-^jli where the Kj^s are the coefficients 
of K for a fixed atlas of X. 

Indeed, the Green quasi-potential is defined as follows: 
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Definition 5.6. The Green quasi-potential U oi R E '^p is defined by 

U{z) := f R{OAK{z,0. 

Note that U depends on the choice of K. 

The super-potentials have some analogous properties to those of quasi-potentials 
and pluri-subharmonic functions. For details, see Section 3 in [7]. We mention 
here three of them. The following shows that the super-potentials determine the 
currents. 

Proposition 5.7 (See Proposition 3.1.9 in [7]). Let I he a compact subset in 
with {2k — 2p)- dimensional Hausdorff measure 0. Let S and S' be currents in "^p, 
with super-potentials '^s o,nd ■ If = "^S' on smooth forms in ^k-p+i with 
compact support in P*^ \ /, then S = S' . 

The following is about the compactness property of super-potentials. 

Proposition 5.8 (See Proposition 3.2.6 in [7 ). Let be a super-potential of 
a current S'„ in ^p. Assume that {'^s„}„>o bounded from above and does not 
converge uniformly to —oo. Then there is an increasing sequence {«j"}^>o of integers 
such that converge to a current S and '^Sn - converge on smooth forms in '^k-p+i 
to a super-potential of S . Moreover, 

limsup^s„^. < ^s. 

The following theorem is about the regularity of the super-potentials of the Green 
(p,p)-currents. 

Theorem 5.9 (See Theorem 5.4.1 in fT). Let / : P*^ — > P*^ be a holomorphic map of 
algebraic degree > 2. Then, the Green super-potentials of f are Holder continuous 
with respect to the distance disti . 

6. The Proof of the Main Theorem 

In this section, we restate Theorem 11.31 in terms of super-potentials using the 
work of Dinh-Sibony in [7] and prove the new statement (Proposition 16.5")) . We 
follow the notations used in Section 5 of [7] for convenience. 

Let S* S be a positive closed (p, p)-current of mass 1. Let T denote the Green 
(1, l)-current associated with / over P*^. 

Definition 6.1 (See Section 5 in [T ). The dynamical super-potential of S, denoted 
by 1^, is defined by 

where '^s, '^tp are the super-potentials of mean of S, T^, respectively, and 
OS := '^s{T''-P+^) - '^Tp{T^~P+^)- 

Definition 6.2 (See Section 5 in [7J). The dynamic Green quasi-potential of S is 
defined by 

Vs := Us — Utp — {ms — tutp + cs)w^~\ 

where Us, Utp are the Green quasi-potentials of S, T^, respectively and mg, tutp 
are their corresponding means. 
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For notational convenience, we introduce the following notations: 

L.^-^f* and A := --^/*. 

dp dp-^'' 

The dynamical super-potentials have the following properties. 

Lemma 6.3 (Sec Lemma 5.4.6 in [7J. We have YsiT^^'P"'^) = 0, YsiR) = {Vs,R) 
for smooth R G 'rfk-p+i, and yL{s) — d'^Ys o A on %_p+i. Moreover, — "^S is 
hounded by a constant independent of S. 

Lemma 6.4 (See Lemma 5.4.9 in [7]). Let V denote the set of the critical values 
off. If R IS smooth, then fsiHR)) = {Vs,A{R))pk\v 

In Proposition 16.51 we restate Theorem II. 3[ in terms of the dynamical super- 
potentials. 

Proposition 6.5. For any current S e '^S'p such that S is smooth on E and for any 
smooth form R G ^^-p+i, we have 

^L"(S)(^)^0. 

The convergence is exponentially fast and uniform with respect to S . 

The proof of Theorem \1.3\ The Proposition 15.81 and Proposition 15.71 prove that 
Proposition 16.51 implies Theorem [LS] □ 



Thus, we prove Proposition 16.51 Before the proof of Proposition 16.51 note 
here that it suffices to prove the statement for some iterate of /. We use the work 
of Dinh in [5] as in Section [5] to find a good iterate of /. 

Let Nf e N he such that {AOk^ c^s, N f)^'' < d^f , where c* is as in Section H 
Then, we can choose A > such that 

„ 1 8fc(fc + l)-l 

(40fc2c*iV/) • d sM^+i) < A < d. 

Consider E = E\UE'^ where Ex := {n- > j} and :={/,_> |} as in Section O 
Then, i? is a proper invariant analytic subset for /. Indeed, this E is the desired 



invariant analytic subset. By Lemma [2.81 there exists Ne € N such that for any 
j e N, outside E, 

(1) the function k-jne is < (x)"'^^ and 

(2) the multiplicity of the analytic hyper-surface of the critical values of /^^^ 



IS < C^jNe [j) 



Now, we consider /^z^^. Let S = c^JNe { jY . Then, from our choice of 

A, we have that 

/ / d\ NfNE(k+l)^, 8fe 

(20fc2(<5 + l/2))8'= < (40fc25)«'= = (AOk^c^NfNE[j) ) 

\( 9 /(iNiV/(fe+l)N8fei7VB 

< \jymk^c^Nf\^-^ j J <d^/^^, 

and that the local multiplicity of f^f^^ g^j^^ ^j^g multiplicity of the analytic hyper- 
surface of the critical values of f^f^^ are < 5 outside E. 

Hence, we replace / by f^s^^ and d by and define 5 as above. The set 

E is same. For clarity, the followings are the properties of our new /: 
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(1) outside the analytic subset E, the maximum of the local multiplicity of / 
over the preimage of a point under / and the multiplicity of the analytic 
hyper-surface of the critical values of / are < S, 

(2) the analytic subset E is invariant under /, and 

(3) (20P(^ + i/2))8'= < {AOeSf' < d. 

The proof of Provosition 1 6. 5[ By the hypothesis, we assume that S is smooth over 
E. Denote by O and Oj connected open neighborhoods of E where S and L^{S) 
are smooth, respectively. Let i? be a smooth form in G 'rfk-p+i- Let V denote the 
set of the critical values of /. Let Uj and Vj denote the Green quasi-potential and 
the dynamical Green quasi-potential of (S), respectively, for j — 0, 1, 2, .... Let 
{en.ilnGN i<i<n ^ sequcncc of positive real numbers, which will be determined 
after the discussion of Lemma 16.71 Let i?„ ^ be the sequence of positive closed 
{k ~ p + l.k ~ p + l)-currents of mass 1 defined by 

• Rn,o R and 

• Rn,i is the en,i-regularization of A{Rn,i-i)- 
Then, by Lemma 16.31 and Lemma 16.41 we have 



= d-Vi„-i(s)(A(i?„,o)) 

= d^^ {Vn-l, A-{Rnfi) - Rn,l)pk\v + d~^{Vn-l, Rua) 
= d ^ {Vn-1, A{Rnfi) — Rn,l)pk\v + d^^Yi^^n.-lf^g-^^Rn^i) 

(6.1) = d ^ {Vn-1, A{Rnfl) — Rn,l)pi'\v + ■ ■ ■ 

+d ^ {Vn-i, A{RnS-l) — RnA)pi'\V + ' ' ' 

+d "{Vo,A{Rn^n-l) ~ Rn,n}pi'\v + d " {Rn ,71) ■ 

For the estimate of 'yL^(s){R), we compute two types of terms: 

(1) ^"'(K-i, A(i?„,i_i) - i?„,i)pfc\y for 1 < i < n and 

(2) d-^tsiRn^n). 

We further consider the terms of the type (1). Note that Vn-i is neither posi- 
tive nor negative in general. Since has a finite diameter, by Theorem 15. 9[ we 
know that T^-p+'^ has bounded super-potentials. Recall Remark 15.31 and the def- 
inition of the dynamical super-potential. Hence, there exists a universal c > 
such that V^_^ := Vn-i + Utp — oJ^'^ is negative in the current sense. It is not 
difficult to see that disti{A{Rnj-i), Rnj) ^ Enj- Due to Theorem 15.91 together 
with disti{A{Rn.j-i), Riij) < Snj and the constant c in V^_^ being universal, it 
is enough to compute '(V^_i, A(i?„^i_i) — i?„,i)p*!\y instead of the terms of type 
(1) for 1 < i < n. 

In the estimate of A(i?„^i_i) — Rn,i)pk\vj want to divide P*"' into 

three regions. We first consider Corollary 16.61 from Proposition 13.21 and recall 
Lemma 16.71 

Corollary 6.6. There is an integer N2 and a constant C2 > 1 such that ifO < t < 1 
is a constant and if x, y are two points in ¥^ with dist{x, E) > t and dist{y, E) > t, 
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then we can write 

f-\x) = {x\...,x''''] and r\y)^{y\...,y''''} 

with dist{x\y') < C2t-'^^dist{x,y)'^/^ . 

This coroUary is due to the property of / that outside the analytic subset E, the 
maximum of the local multiplicity of / over the preimage of a point under f is < S. 

Lemma 6.7 (See Lemma 3.1 in [9 ). There is a constant > 1 such that for 
every subsets X and Y o/P'^, we have 

dtst{f-^X)J-^{Y)) > Ar'dist{X,Y). 

In particular, if f{Y) C Y, we have 

dist{f-^{X),Y) > Ai-^dist{X,Y). 

In our case, take X = 0= and y = E. Since 0| C f-^{0'') and f{E) = E, we 
have 

dist{0^,E) > dist{f-^{0''),E) > Ai-^dist{0'',E). 
Since E is compact, there exists r > with dist{0'^,E) > r. Then, 0|n the 

rAi"-' -neighborhood of E' = 0. Take e > so that e < min {c, r, for some 

fixed sufficiently small c > 0. We define three sequences {sn,j} , {£n,i} and {tn,i} of 
positive real numbers: 

. =e«C(2+iV.)(40fc^5)-^ 

• t .-£(10'=)"' 

for < i < n, where N2 is the constant in Corollary 16.61 and C is the con- 
stant in Lemma 13.41 One can easily see that s„^i 3> t„^i. For notational con- 
venience, we introduce some more notations. For t, s > 0, we express the t- 
neighborhood of ^ by 14 and the s-neighborhood of E hy Eg. The distance is mea- 
sured by the standard Fubini-Study metric. Let ^ := Esn,,, Wn,i ■= Vt„ , \ W^j^, 
and W;^^, P'= \ {Wn,^ U W^^J. From our definitions, 0„_, n j^W^,^, = 0, 
where i^^'n.i means 2^s„,i-neighborhood of E. We split the computation of 
(V'^-i, A(i?„ — i?n,i)pfc\y into the following three computations: 

• A(i?„,i_i) - Rn,i)w'^ ,\v, and 
We claim that for sufficiently small e > 0, 

(1) C^'n-ii A(i?„,i_i) — Rn.,ilW„,i\V ^ — e"*, 

(2) (^n-i! A(i?„^i_i) - Ein.,i)w'^ \y ^ 

(3) A(i?„,,_i) - Ru,^)w^:^ > -e", and 

(4) d-"rs(i?«,n) >nd-tlog£"." 

Suppose that our claims are proved. Recall that 'f'L^{s){R) = d~'^'fs{^^{R)) 
by Lemma ESI Since is bounded above by a constant independent of S (by 
Theorem 15.91 and Remark l5.3p . we only need to bound 'fL^(s){R) from below. 
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For any sufficiently small £ > 0, by Equation 16.11 and our claims (Lemma 17. ![ 
Lemma 18.31 Lemma 19.11 and Lemma 110. 2p , we have 

ri„(5)(i?) = d-"rs(A"(i?)) 

> -d-^e" - d-^e^" d~"£"' loge > -e" + loge. 

Take e = dr" for every sufficiently large n and let n — > oo. This completes the 
proof. □ 

Hence, it remains to prove our claims. The computations will be completed in 
Section [71 Section [SJ Section [HI and Section [TUl. 

7. The First Estimate 
We consider {V^^_^, K{Rns-i) — Rn,i)w„ i\v- Since is negative, we have 

Thus, it suffices to prove 

Lemma 7.1. For sufficiently small e > 0, 

|(K;-.,A(i?„,._i))w„,Av| 

For this lemma. Proposition 17. 71 is the major estimate and we need cut-off func- 
tions with a tame DSH bound for the estimate. We construct such cut-off functions 
in Lemma 17.41 using the next two lemmas. 

Lemma 7.2 (For example, the 6'-regularization of the characteristic function of K). 
Let 9o > be given and small. We consider < 9 < 6q. Let K (Z P'^ be compact 
and Kg a 9 -neighborhood of K . The distance is measured with respect to the Fubini- 
Study metric. Then, there exist smooth cut- ojf functions x^'^ : P*^ [0,1] such 
thatx^'^ = 1 over K and supp{x^'^) C Kg. Moreover, \\x^''^\\<^a ^ where 
the constant c > is independent of 9. 

Lemma 7.3 (See Lemma 2.2.6 in |7]). Let x ■ IRU{— oo} —^'R be a convex increasing 
function such that x! is bounded. Then, for every DSH function ip, xi'i^) dsh and 

\\x{^)\\dshS^ + Mdsh- 
In particular, inf HT-^H is bounded by Hx'lloo '^^^ 11-^^11; where T^ and are posi- 
tive closed currents such that dd'^xiv) = — T^ and dd'^ip = — T^ . 

Lemma 7.4. Assume e > is sufficiently small. Let i and n be integers such that 
1 < i < n. For any s,t > such that ^(|)'^Sn,i < s < 2s„ ^ and < t < 

'^^nT''^^ ''' ^^^^^ DSH functions Xs,t : V'' ^ R with < Xs,t < 1, 

such that Xs,t = I on Vt \ Eg, suppxs,t Q \ E2^, and WxsAdsh ^ 

Cv max {l,9s-'^}, wh ere c^ ^ is a constant independent of i, n, s, t and e. 

Proof. We choose a smooth increasing function x : K U {— oo} [0, oo) such that 
x(a;) = on [— oo, —1] and xi^) — ^ for a; > 1 as in Lemma 17.31 Then, max {x, 0} < 
X < max {x, 0} -I- 1. We define: 

(l)s,t ■■= -xif - logt - ^ - 1) 

Xs,t ■■= x{<Ps.t + 1) 

Xs,t :=x(2(x«,t-x'^^''''))-l, 
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where is the function in Lemma [^21 with K = E2^ and 9 — ^s. 

(1) First, we consider z G Vt\Es. Then, from Lemma |3.4[ we have 

ip{z) - \ogt - A - I <\ogdist{z,V) + A-\ogt- A-l < -1 

So, (ps^t = on X^f \ Eg. Since the support of x is in Eg, we have 

Xs,t = 1 over Vt\Es. 

(2) Second, we consider z outside V^(&^^|'2)-^ \ E\s- Note that if Xs.t = or 

^^^|a.3^ = 1, then Xs,t = 0. For z ^ Vj(5+i/2)-i \ from Lemma [3^ we 
have 

- log t - A - 1 

> (5 log dist(z, F) + C log dist{z, E) - A-\o%t - A - \ 

> log(2<r^^^"^) + Clog (i(^) V.) + Clog ^ - 2^ - 1 

> -C(40fc2^)4^ log e - log 2 + C log i (^) - - 1 > 2 

since e is sufficiently small. Then, we have (/>s^t < —2 and so Xs.t — 0- Also, 

since x ^" '^ — 1 over -E^^, = outside V^(6+i/2)-i \ -Eig. 

This proves the support part of the statement. 

We check the DSH norm of Xs,t- Since < Xsa < 1, the Jf^-norm of Xs.t is 
uniformly bounded with respect to i, n, s, t and e. Thus, Lemma 17.31 together with 

ip being quasi-psh and x 3"'^ ^ ^ 9s~^ prove that the DSH norm is bounded 

by Cj(, max {1, 9s~^} for some constant c^>Q independent of s,t and e. This 
completes the proof. □ 

We discuss the Holder continuity of the quasi-potentials of outside E. 

Definition 7.5. A continuous map g : P*^' — ^ R is said to be [H, z^)-H61der contin- 
uous in an open subset U C P*"' if any choice of a;, y G U satisfies 

\g{x)-g{v)\<Hdist{x,yY. 

Lemma 7.6. The quasi-potentials of f^,{uj) are continuous and in particular, they 
are {chs^^^ , d^^)-Hdlder continuous in E^, where ch > is a constant independent 
of s. 

Proof. It suffices to prove that for a sufhciently small ball neighborhood of a point 
in P'^ \ i?, there exists a function v with the desired Holder continuity in E'^ such 
that dd'^v — fif{u>) over the ball. We may assume s > is sufhciently small. 

We fix a finite atlas for P'^. Consider an arbitrary point x g P'^'. We denote 
by Bx{rx) the ball centered at x e P'^ and of radius r^ > 0. Since / is finite, as 
r^ — )• 0, every connected component of f~^{Bx{rx)) tends to a single point. For 
sufficiently small r^ > 0, every connected component of its pre- image belongs to a 
single chart in the prescribed atlas. 

Consider a small ball B Cf''. Then, we can think of the following in terms of 
our fixed finite atlas. Since / is finite, the inverse image f~^{B) of i? is a union 
of small open sets. Then, there is a smooth psh function u on f^^{B) such that 
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ui = d<Fu over / ^{B). We define u on _B by 

where the points in f^^(z) are repeated according to their multiplicity. Since / is 
a finite holomorphic mapping and a priori an open mapping, v is continuous and 
we can easily deduce dd'^v — from the definition of v. 

We now prove the Holder continuity of v in E'^. Let x S P'^ be a point in iJ^. 
Consider a ball B^ centered at x and of radius | . It is enough to consider the case 
where dist{x, y) <^1. By Corollarv l6.61 we can write, for z and z' in _B^, 

r\z) = [w\--- ,w''''] and r\z')^{w'\--- .W'"']. 

so that distpsiw^ tW^') ^ 3^^^distps{z, z'Y \ Hence, 

\v{x) — v{y)\ < m ||7i||^,i max (iisti?5(x\ y*) < s~^^(iisii?5(x, . 

Note we can find a uniform bound of for the fixed finite atlas. This proves the 

lemma. The constant ch being independent of s is clear from our argument. □ 

The following proposition is a modification of Proposition 2.3.6 in [7]. 

Proposition 7.7. Assume that e > is sufficiently small. Let s.t > be such that 
^Sn.i < s < 2sn,i and \tn^i < t < 2tn,i- Consider R (z^p such that suppR C E^. If 
U is the Green quasi-potential of a current R, then we have the following estimate: 

<ctPs-^-''\ 



U A{- f,{u)f-^+^ 

Vt\(E,VJV) « 

where N2 is the constant in Provosition 1 6. 61 (5 := {20k^{6 + 1/2))^''S^''^p^^ , and 
c > is a constant independent of e, s, t, i, n, and R. 

Proof. Proposition 17.71 is deduced from Lemma [7^ Lemma [7.111 Lemma [7^ and 
Lemma mbl □ 



In those lemmas, we assume the same hypotheses as in Proposition 17.71 

We use the same notations used in Theorem 2.3.1 and Proposition 2.3.2 in [7]. 

Consider M > and define t/m := min{0,M + ?7}. Note that WtImWdsh 

formly bounded with respect to M . 

We have ?7m — M < r]. Define Km ■— — M9 and K'j^[ rjM^- Then, Km is 

negative closed and we have Km + K'j^^ < K. Define also 

Um{z) := ^ R{0 A Km{z, and U'm{z) := ^ RiO A K'm{z, 0- 

The form Um is negative closed and of mass ~ M. Um + ^ ^ ■ choose 
M :— t^^ . We estimate Um and U'm separately. Note that U is negative and that 
Q has singularities of order dist{z,^)'^~^'' . 

Since we can apply the proofs of Lemma 2.3.7, Lemma 2.3.9 and Lemma 2.3.10 
in [7] in the exactly same way, it suffices to modify Lemma 2.3.8 for our case. For 
the convenience of the reader, we quote Lemma 2.3.7, Lemma 2.3.9 and Lemma 
2.3.10 of [7] below. 
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Lemma 7.8 (See Lemma 2.3.7 in ^). For all sufficiently small t > 0, we have 



Um a lo^-p+^ 



IVt 



<t 



Lemma 7.9 (See Lemma 2.3.9 in [7]). For all sufficiently small t > 0, we have 
\\U'M\\<e-^''. 

Note that for sufficiently small t > 0, £-^(10'=')"''^""*^ < £-5(10^')""''"'''^^ < 
Lemma 7.10. For every 0<l<k— p+l, we have 



We modify Lemma 2.3.8 in as below. By continuity (for example, Corollary in 
p. 147 in [2]), without loss of generality, we may assume that R and U are smooth. 
We also have that Um is smooth. 

Lemma 7.11. Let I be such that 0<l<k — p + l. Then, for any s,t > with 
< s < 2s„,, and it„,, < t < 2{t„,i)^^^''"''^\ 



IVt\(E,UV) " 



< 



where Pi ^ {20P{6 + 1/2))-'^-'. 

Proof. Observe that in our settings, we have t s. We use the induction argument 
on I. The case / = follows from Lemma 2.3.7 in [7]. Assume that the lemma is 
true for I — 1. Take Xs,t as in Lemma 17.41 Then, 



Um a {-J.{i^)y A uj''-P-'+' < - [ Xs,tUM A {-J*{uj))' A c^'^-^-'+i 



Vt\E, " 

= J -Xs.tUM Ai^f^iio))'-' Alo''-p-'+' 

+ J -Xs.tUM A (^4^))'"' A dd'u A u:''-P-'+\ 

where ^/*(a;) — uj + dd'^u. The bound of the first integral is obtained from the 

1 „ 

induction hypothesis with the replacement of t by t^+T72 and s by |s. 

We compute the bound of the second integral. From Lemma [7.6[ u is [crs^^^ t^^^) 
Holder continuous in E^. By ProDOsition l4.3l and Lemma [4.4[ for an arbitrary e > 0, 
we can find a smooth function by regularizing u by automorphisms of P*^ . The 
estimate ||Me||<^2 < e^^*^ ^^'^^^ is a direct result of Proposition 14.31 Due to the 
Holder continuity of u in E'^ in Lemma 17.61 and Lemma 14. 4| we have 



\\u-u4^<s-''^e'-\ 
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Here, e will be determined properly later. Then, the second integral can be split as 
follows: 



.1 



-Xs,tUM A {j,Muj)y-' A dd'u A c^'^-f-'+i 
a 

-Xs.tUM A {\f.{Lo)y-^ A dd'u, A Lo^-P-'+^ 

From the "^^-norm of and the induction hypothesis together with the replacement 
oftbyt^+v5 andsby |s, thefirstintegral<£-2fe -4fe-2/3j (3,_,^-2~N2^ 

The bound of the second integral can be computed cohomologically. From the 
DSH-norm of Xs,t and the mass of Um being of the same order of M = t^^ , we 

have the second integral < s^^^e* ^s^^t^^ for the second integral. Take e := 
^5-i(2fc^+4fc+2+<5-i)-ift_i^ Then, 



In result, we have 



2fc2 + 4fc + 2 + (5-i - lOP" 

^5-i/3i_i^-2fe2--4fc-2 < ^5-ift_i(10/c2)-i5-i < 

This completes the induction and proves the lemma. 



□ 



In the same way as in the proof of Lemma l7.11[ we obtain the following lemma. 
Lemma 7.12. Let I be such that Q<l<k — p+1. Then, for any s,t > with 

i(|)'^-P-'+ls„,, < S < 2Sn,^ and k„,, < t < Utn,r)^^^''^'"'^\ 



1 



c.'=-'A(-/.M) 



< 



(0 



t^'s'^-^\ 



'Vt\(E,UV) " 

where /3/ = {20P{S + 1/2))-'^-'. 
The proof of Lemma \7.1\ 

|«_„A(i?„^,_i))H.„,Ay| ^ \\Rn.-i\L |(K:-.,A(c.'=-f+i))H.„,Ai 

< \\Rn.^-l\ 



/I Nfe-p+1 



< e-^'^'t^ 



„-2-N2 



where C > 1 is in Lemma 13.41 In the above, the third inequality is from Proposi- 
tion 231 Proposition 17.71 and Lemma [733 D 
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The Second Estimate 



Assume that e > is sufficiently small. Note that dist{Te^ .y{x),x) < CAut£n,i 
for X G P*^ where dist{-, ■) is the Standard Fubini-Study metric, y is the coordinate 
WuWa < 1 of Aut(P'^) centered at the id and CAut > is a constant independent of 
y, en,% and x. 

Recall our notation \£n,i \ in the regularization Rn,i of A(i?„_i_i). In our settings, 
for sufficiently small e > 0, we have Sn,i ^ We define 
• ^n,i,o t^'S (s„,i - 3CA«ten,j)-neighborhood of E, 

the (sn,i — C'y!iute„^i)-neighborhood of i?, and 
the {sn.i + CA«ten,i)-iieighborhood of E. 

We consider the currents {L"~'(iS')} and their Green quasi-potentials denoted 
by {Un-i\ in a neighborhood of the closure of ^ 2- We will use Proposition 15.51 
and the definition of the Green quasi-potential to prove that Un-i^s are smooth 
over j 2 1 respectively and to estimate their norms. 



Lemma 8.1. For sujficiently small e > 0, for all «,n G N with 1 < i < n, Un~i is 



smooth in j 2 '^'^'^ have 



where ||/||^i is with respect to a fixed finite atlas. 

Proof. Note that from our definitions, L"^'(5') is smooth over i^j=^'n i since On-iC\ 
2^^n.i — ^- Observe that in this estimate, we do not use the closedness of 

E 1 ^ .,s„,i 

i"~*(S'). Consider a cut-off function x , denoted by x in this proof, in 

Lemma O Write L"-^(S') = x.L'^ (S) + (1 - x)i""'(S'). Then, xi""'(^) is a 
positive smooth (p,p)-form on P'^, (1 — x)L"^*(5) is a positive (p,p)-current with 
supp{{l - x)L''-'{S)) n E^^ . = and 



4v^ 

Un-^^ I [xV'-\Sm)^K{z,i) 

As in the proof of Lemma 2.3.5 in [7], we have 

[xL^'\sm)^K{z,i) 



[{l~x)L''-\Sm)^K{z,0- 



< 



[xi""X^)](0| 



uP{OAK{z,0 



< 



ll^ll 



■^1 



We consider the other part: J^_^^[(f — x)-^" *('S')](C) A ^). For notational 
convenience, we denote (f — x)L^^^{S) by Sn-i in the rest of the proof. From 
our settings, we have that dist{E, supp{Sn-i)) > j^Sn,i- So, consider z e 
Then, dist{z,0^_^) > - 1 - CAut)sn,z, and 



5.1) 



Sn-^{0/\K{z,0 



5^B,((jij-l-CA„t)s„,.) 



^„_,(OAif(z,e), 



where Bz{{j^ — 1 — CAut)sn,i) is the ball centered at z and of radius — 
1 - C'A«i)sn,j- For each ^ ^ -^^((^ - 1 - CAut)sn,i), K{z,^) is smooth. Hence, 
I^^z Sn^tiO A ii'Cz, C) is smooth. 
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We estimate the "^^i-norm of J^-^^ Sn-i{0 A K{z,^) in ^ Since \l K has 



singularities of order (z — ^) from Proposition 15.51 and the mass of S; 
bounded by the mass of which equals 1, we have 



IS 



< ((4^ - 1 - CAut)s.n,^) 



l-2fe ^ -2fc 
— °nA I 



from Equality 18. II This inequality implies the lemma. 



□ 



Now, we estimate A(_R„^i_i) — R„ 



We have 



^n_i,h.(Rn^i-\) — Rn,i)w' \V — (Ki-ii ^(^n,i-l) ~ 



A A(i?„,_i) - / / K'-. A (r,„,^,)*A(i?„,,_i)d;i(2/). 

Since A(_R„.i_i) has ^^-coefHcients, we use Fubini's theorem: 



y^„, A A(i?„,,„i) - / / A (r,„.^,)*A(i?„,,_i)dM(y). 

ly;^^ "'{llylU<i} "'^/i.i 

Since each r^^ .j, is an automorphism, by use of change of coordinates, we have 



<_,AA(i?„,,_i)- / / (r,„,.,),(V;:_,)AA(i?„,,_i)d/i(y). 

iv;,, "'{ilalU<i}"'^e„.,«(H';,,) 

Observe that due to our choice of Caui , we have W'^ ^ ^ C W'^ ^ and W'^ ^ ^ C 
i) fo'^ 2/ with ||y||^ < 1. Then, the last integral can be written as the 
following sum: 



5.2)/ K-,AA(i?„,,_i)- / / (r,_,),(K-.)AA(i?„,,_i)dMy) 



(8.3) + / A A(i?„.,_i) 



(8.4) 



(Ts„,.y)*(K-^)AA(i?„,,_i)d/x(2/). 



'{biiA<i}"'^.„,.«(^^;,,)\^^;,,,i 

The Computation of 18.21 From Lemma [8Tl is smooth over j. Then, 

{y'n-^ - {re^MK-^)) ^ A(i?„,,_i)d/i(y) 



AA(i?„,,_i)dAi(y) 



{llallA<i}-'w';;,..i 



{iiyiiA<i}-^iv,;,,,i 

A AiRna-i)dti{y) 



< CAtit ||^n-i||<^l(vv" ' t'^'^ m^SS of A(i?„,,„i) = Cau* || ^n-i || (vf' 

where C^iut is the constant in the beginning of this section. Since Cn-i in the 
definition of V,[_^ is uniformly bounded and uj is smooth, from Lemma l8.H 



26 



TAEYONG AHN 



Thus, we have 

The Computation of 18.31 We split the integral into two integrals as follows: 

K:_,AA(i?„,,_i) 

A A(i?„,,_i) + / A A(i?„,,_i). 

We consider the first integral. Since is negative and A{Rn,i-i) is positive, 
we have 

0> / <_,AA(i?„,,_i) > / K-.AA(i?„,,_i) 

A A(i?„ - / Cn-tU}''-P A A(i?„,,_i). 

Since f*{uj^) < (/*(a;))P in the current sense, the last integral is bounded by the 
following: 

> \\Rn,^^l\\^ [ Un^, A A^) - ||i?„,^-l|L / C„_,^'=-f A A^) 

>Pn.:-ilL/ f/„-.A(i/.H)f 



I -^n.', 



-II 



>-||i? ■ ill > _ -4fe^ -2-JV2 



The second last inequality is due to Proposition 17.71 and Lemma 17.121 and the 
estimate of ||i?Ti,i-i in the last inequality is from Proposition 14.31 
We estimate the second integral. 

Lemma 8.2. For all sufficiently small t > 0, we have 

l|A(i?)||^.(v^e) <||i?|!^„ ^-(^+")^ 

for any smooth form R of bidegree (j),p) with < p < k. The coefficient in the 
inequality is independent of t and R. 

Proof. First, we fix a finite atlas for P'^. Without loss of generality, we may assume 
that t > are sufficiently small Consider a g V^'^. We denote by -64/2 the ball 
centered at a e V^'^ and of radius t/2. Then, there exist d'^ injective holomorphic 
maps gj : P'" such that fogj = id on Bi/2- Such gfs are uniformly bounded 

by a uniform constant. In particular, the constant is independent of t and a. From 
the Cauchy-integral formula, we know that all the derivatives of order n of gj on 
Bt/i are < t^". On -84/2, we have 

K{R) = d-^+'Y.9m- 



EQUIDISTRIBUTION FOR HOLOMORPHIC ENDOMORPHISMS OF P*" 



27 



For fixed local real coordinates (xi, X2k), i? is a combination with smooth coeffi- 
cients of dxj-^ A • • • A dxj2^._2p+2 ■ Hence, the estimate on the derivatives of gj implies 
that 

It follows that 

This implies the lemma. □ 

Since (W^^^^ \ W^^^^^^) \ . C W^^^ n V^l^, from LemmaOand LemmaEl we 
have 



V;_, A A(i?„,,_i) 

'(M'^,Aw';l,.,i)\vt„ ^ 

^ ll^"-»Lo(M/; .) l|A(-R",^-i)ll^o(y^e^ ^) ■ the volume of {W^^, \ \ yt„,. 

From the estimates of the first and the second integral, we have 

\m < ^rax{£-j^Vl.V^''^^Tf(l + ll/II^O^("-^)£^j^iV;f£n^ 

The Computation of 18.41 We consider 

/ / ire„..y)*iVn-i)/\HRn,^-l)d^iiy). 

-'{l!y|lA<i}-'^.„,.«(M^^,.)W^,..i 



As in the computation of I8.3[ we split the integral into two parts: 

(^e„,y)*(l^^-J A A(i?„,,_i)d/i(2/) 



{\\y\\A<^} "'(^.„,,«(M';,.)\M';,.,i)nVt„_. 



{l|ylU<i}-^(^-„..«(W';..)W;,.,i)\^*... 

We compute the second integral first. Note that is negative and A{Rn.i~i) 
is positive. From Lemma 14.41 together with Vj[_^ being smooth, the second integral 
is bounded by 



{\\y\\A<i} "'(^e„,.„(M^4,.)W4,.,i)\^t„,. 
{llylA<i} 

Lo'^-P A A{Rn,^-l)d^i{y) 



< 



. • the volume of (T^^.^^ \ \ Vt„ 
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In the second last inequality, we have ^^(VF^ J C ^ 2 for all y with ||?/||^ < 1; 
in the last inequality, the bound of |jA(i?„_i_i)|j<^o(yc ■) is from Lemma [8.1 1 and 



|V^_i||<j^o(^' ) can be computed in the same way as in Lemma |8. II 
We compute the first integral. Concerning the first integral, we have 

\ [ (r,„,.,),(K_,)AA(i?„.,_i)dA.(2/) 



Lo^-P A A{ujP)dn{y) 



< ||(Te„,.y)*(K-»)|Lfr, .,.(W' .))\\Rn.i~l 



/ uj'^-P Ail f4oJ)rd^,iy). 

The last integral is due to < (/*(a;))P in the current sense. By Lemma [4.41 

we have the above integral is 

ityi!A<i "'(^=„,.y(w';..)\M';,.,i)nvt„ , « 

The second last inequality follows from the positivity of the integrand; the last 
inequality is due to Proposition 14.31 Lemma l7.12l and Lemma [ 
From the first and the second integral, we have 



3 < max{s-f(l + 11/11^. f'"-^'^d-l^n.V^'^^ 
From the computations of I8.2[ [8731 and l8.4[ we have 



< 



max 



J- jr. 1,2 if\6fci 

< (1 + 11/11^1 )P("^*)£-2nifc(2+Ar2)^-4fc2nC(2+W2)(40fe^5)""''-^'£"C^(2+JV2)Y^j^j^^ 

since s is sufficiently small. 

We have just proved the following: 



EQUIDISTRIBUTION FOR HOLOMORPHIC ENDOMORPHISMS OF P*" 



29 



Lemma 8.3. For sufficiently small e > 0, 



9. The Third Estimate 

We estimate (Vn^i, A{R„.i~i) Rn,i)w" ■ in the same way as in Lemma 5.4.7 
in [7]. 

Lemma 9.1. For sufficiently small e > 0, 

Proof. Recall the constant Caui > in the beginning of Section [51 Shrink if 
necessary and assume that e > is small enough that CAut£n,i < \tn,i- Let t^^ .j, 
be an automorphism in Aut(P'^) such that \\y\\ < 1. With Lemma [8.21 for a = 1 
and Lemma [4.41 we have 



\{Te„.^v)*{HRn,^~l)) ~ HRn,z-l)\\^ yy„ < \\A(Rn,i^l)\\,^^ya ^dist{T,id) 



< ||^n,j-l ||<^l i„.i £n, 



From the Proposition [131 ||if„,,_i|l^i < e-f'^^''-^ < e^fV Since 



IS 



negative and V^_^ has a bounded mass independent of i, we are done. □ 

10. The Fourth Estimate 
For the estimate of d^"-Ys{Rn,n), we use the following proposition proved in f^. 

Proposition 10.1 (See Lemma 3.2.10 in 0). Let W C P'^ be an open subset and 
K d W be a compact set. Let S be a positive closed (j),p)- current of mass 1 with 
support in K and R be a current in ^i,_p+i. Assume that the restriction of R to 
W is a bounded form. Then the super-potential of mean of S satisfies 

\'^s{R)\<c{l+\og+\\R\\^,^), 

where c > is a constant independent of S and R, and log^ :— max {log, 0}. 

From Proposition llO.il we have the following lemma. 

Lemma 10.2. For sufficiently small e > 0, 

d~^\ys{Rn.n)\<nd-T{-\oge). 

Proof. From Proposition[L3l we have ||i?„_„||^ ^^nrf^- We applv Proposition llO.il 
to = if = P^ f/ = rs and i? = i?„,„. Then, 

mRn..n)\ < rf-"l0ge-f 

= d-" • [nC(2 + iV2)(40fc2,5)6fe"] .4k^ . (-loge) < nd- t {- log e) . 

The last inequality is from our assumption on d in Section [51 This proves the 
lemma. □ 
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11. Examples 

The following example is a case where Theorem ll.Sl is applicable but Theoreni ll.2l 
is not. We use a map considered by Fornasss and Sibony in |13) . 

Example 11.1. Consider a holomorphic endmorphism F : P'"' — > P'^ defined by 

F{[z : w : i : a : /3 : 7]) ^ [(z - 2w)'^ : : [z - 2tf : (a - 2^)^ : : (a - 2jf]. 

The critical set "gV of the map is {z = 2w} U {z = 0} U {z = 2t} U {a = 2(3} U 
{a = 0} U {a = 27}. This map is a post-critical map. Let denote the post- 
critical set. We have the following orbits of the set of critical points of F: 

{z^O}^ {w^O}^ {z = w} O 

{z = 2w} ^ {z = 0} ^ {w = 0} ^ {z = If;} O 

{z = 2t} {t = 0} ^ {w ^ t} ^ {z ^ t} 

{a = 0} ^ {/? = 0} -> {a = /?} O 

{a = 2/3} ^ {a = 0} ^ {/^ = 0} ^ {a = /3} O 

{a = 27} ^ {7 = 0} ^ {/3 = 7} ^ {a - 7} 

Thus, = U {w = 0} U = 0} U {z = w} U {w = t} U {z = t} U = 0} U 
{7 — 0}U{a — (3}U{(3 — 7}U{a = 7} is a finite union of projective linear subspaces. 
We first consider k'_. We claim that k'_ = 1 and the set E'^ is empty. The chain 
rule proves that the set of critical set of F" is U'^Zq F~'^ {^f) and therefore, the set 
of the critical values of F" is U-LjF*('^^j;-) C ^p, which is bounded with respect to 
inclusion independently of n € N. This implies our claim. 

Hence, we only consider E\. We explicitly compute k_ for F. Note that 
{[0 : : t : : : 7]} is a complete invariant projective linear subspace for F. There- 
fore the multiplicity of F" at each point of {[0 : : t : : : 7]} is 16", which means 
K_ = 16 for the set. 

Next, we claim that the forward orbit of each point outside {z = 0,w = 0} U 
{a — 0, P — 0} can visit '^p at most 4 times. Observe that {z = 2w} and {a — 2/3} 
maps into {z — 0} and {a = 0} under F, respectively. After the first visit to 
{z = 0} U {z = 2t} U {a = 0} U {a = 27} in "^f, the second visit to '^p should 
take place on the intersection of 'r^p and {w = 0} U {t = 0} U {z — w} Li {w = t} U 
{z = t}U{/3 = 0}U{7 = 0}U{a = /3}U{/3 = 7}U{a = 7}. After the second visit to 
'^^p, the images of those intersection points afterwards are completely determined 
as follows: 

{z^w^O}0 

{z ^0} ^ {w = t = 0} ^ {z ^ w ^t} Ci 

{z ^ 0,w ^ t} ^ {z = t,w = 0} ^ {z = w = t} O 

{z ^ 2w,t = 0} ^ {z = 0,w = t} ^ {z = t,w = 0} ^ {z = w ^ t} 

{z = 2w = 2t} ^ {z = t = 0} ^ {w = t = 0} ^ {z = w = t} O 

{z = 2w = t} ^ {z = 0, w = t} ^ {z = t, w = 0} ^ {z = w = t} (3 

{z ^ 2t,w = 0} ^ {z = w = At} O 

{z = w ^ 2t} ^ {z ^ w,t ^ 0} ^ {z = w ^ t} O 

and the same is true when z, w, t are replaced by a, /3, 7. These cases prove 
our claim. Therefore, the multiplicity of F" at a point outside {z = 0, tx; = 0} U 
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{a — 0,l3 — 0} is uniformly bounded with respect to the choice of the point and 
n € N. This implies that k_ = 1 for those points. In the same way, we obtain 
K_ = 4 for the remaining case. Summarizing it, we have 




16 for {[0 : : t : : : 7]} 

4 for [{z = 0, u; = 0} U {a = 0, ^ = 0}] \ {z = w = a = /3 = 0} 
1 elsewhere. 



It is not too difficult to see that E = {z = 0,w = 0} U {a — 0, (3 — 0}. Con- 
sider the current of integration over the projective linear subspace defined by 
{z — w — 3t, a — P — 37}. We normalize it by its mass and call the normalized 
one S. Note that 5 is a positive closed (4, 4)-current. Theorem 1 1.31 is applicable to 
S in order to verify the convergence towards T^. However, on E, the hypothesis of 
Lemma 5.4.5 in is violated. Indeed, it is clear that there is no iV G N such that 
(20 • b'^A^f-^ < 32^. Thus, we cannot use Theorem O to S. 
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